Lecture2: Exercise 8

Explanation

Thisis a straightforward calculation coupled with a visualization. The goal here is to see the relationship between position vectors, velocity
vectors, and accel eration vectors.

Hint

Recall the definitions of velocity and acceleration.

Answer

. r= (coswt, e”?)
Thefirst task isto calculate the derivative of each component with respect to time, thus giving us the velocity vector:
dr d
dt dt
We then cal cul ate the accel eration vector

R d d
V= (coswt, e‘”‘):{— coswt, —e‘”‘):(—wsinwt, wet).

dt dt
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" T =(cosS(wt—¢), sin (@t —¢))

Thefirst task isto calculate the derivative of each component with respect to time, thus giving us the velocity vector:

dr d d d
—[cos(wt—¢), Sn(wt- @) = [—cos(wt—aﬁ), —Sin(wt—¢)]
dt dt dt

We use the trigonometric identities from Interlude 1:

sinfe — B) =sinacosB — cosa sin B,

cos(@ — B) = cosa cosB — sina sin .

Then we have:
L, d
V= [—(COSwtCOS¢— snwtsing), — (Shwtcos¢ — COSthin¢)]
dt dt
d d d d
=[— coswtcosg — — sinwtsing, — sinwtcosg — —COSwtsin¢]
dt dt dt dt
We then apply the product rule:

v
- d d d
v=(cos¢ —coswt +coswt —cos¢ —sing — sinwt —sinwt — sing,
dt dt dt dt

d d d d
c0S¢p — sinwt +SiNwt — €oS¢ — Sing — coswt— coswt — sinqﬁ]
dt dt dt dt

Now, cos¢ is aconstant,
R d d d d
v=(cos¢ —coswt —sing —sinwt, cosg — sinwt — sin¢—005wt]=
dt dt dt dt
(~wcosgpsnhwt —wsingcoswt, wcosg coswt + wsingsinwt)
We now reverse the trigonometric identities:

V=[-wsn(@t-¢), wcoswt - ¢)]
We then cal cul ate the acceleration vector



L dv d d d
d= — = —[-wsn(wt-¢), wcoswt - ¢)] = [——a)sin(wt—¢>), —wcos(wt—qb)]
dt dt dt dt
we then apply the trigonometric identites:
N d
a= [—wd—(sinwtcosqb — coswtsing), wd—(COSwtCOS¢— sinwtsinq&),]
t t

d d d d
:(—w —sSNwtcos¢ + w — coswtsing, w—co&»tcosg)—w—sinwtsinq)]
dt dt dt dt
and then we apply the product rule
- d d
a:[—wsinwt—cos¢ —wCoS¢p —sSNwt +wcoswt — sing + wsing — coswt,
dt dt dt dt

d d d d
wWCOSwt —COS¢Y + wCoSp — coswt —wsinwt — sin¢—wsin¢—sinwt]
dt dt dt dt

d d d d
=(—wcos¢—sinwt +wsing — coswt, wCos¢p — cosw t —wsin¢—sinwt]
dt dt dt dt

= (-w?cosg coswt — w?singsinwt, —w?cosgsinwt — w?sing coswt)
we reverse the trigonometric identities

a=[-wcoswt-¢), ~wsinwt-¢).
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If you are viewing this with the CDF Player, you can manipulate the value of w by moving the slider—watch the vertical axis scale change as
you increase w and/or ¢,
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>
= r =(ccos?t, csin’t)
Thefirst task is to calculate the derivative of each component with respect to time, thus giving us the velocity vector:
L dr d d d
v=—=—(ccos’t, csin’t) = (— ccos’t, — csin3t].
dt dt dt dt

The easiest way to do thisis by the chain rule, where we choose the variables g = cost, and h = sint. This gives us,

d d
—(cg®)=3cg® — (ch®)=3ch?
dg(9) ¢ 5 ()

where
dg dh
— = -sint; — = cost
dt dt
SO,
_(d dg d dh dg dh _
v=[—(cg®) —, —(ch® —] =(3cg2 —, 3chk? —):(—3cgzsint, 3ch?cost) = (-3ccos’tsint, 3csin® t cost)
dg dt dh dt dt dt
We then calculate the acceleration vector in a similar way,
L dv d
a= — = —(-3ccos’tsint, 3csin®t cost)
dt dt

where,
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d d
— (-3cg?*h)=-6cgh; d—h(SChzg) =6chg

dg
and,
N d dg d dh dg dh
a=[—(-3cg’h)—, —(3ch?g) —):(—GCgh—,Gchg—]z
dg dt dh dt dt dt
(6cghsint, 6¢chgeost) = (Becostsintsint, 6¢sint cost cost) = (6ccostsin’t, 6esintcos’t)
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If you are viewing this with the CDF Player, you can manipulate the value of w by moving the slider—watch the vertical axis scale change as
you increase c,
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Thefirst task isto calculate the derivative of each component with respect to time, thus giving us the velocity vector:

L dr d d d
v=—=—[c(t-sint), c(1- cos t)]:[—c(t—sint), —c(l—cost)]:
dt dt dt dt
d d d d d d d
—ct——csint,—c——ccost]:(c—t—c—sint,0—c—cost)=(c—ccost,csint).
dt dt dt dt dt dt dt
We then calculate the accel eration vector in asimilar way,
L dv d d d d d d d
a=—=—(c—ccost, csint):(—c— — ccost, —csint]:(—c—c—cost, c—sint]:(csint, ccost).
t dt dt dt dt dt dt dt
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If you are viewing this with the CDF Player, you can manipulate the value of w by moving the slider—watch the vertical axis scale change as
you increase c,
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