Interlude 3: Exercise 2

Explanation

A useful skill, for atheoretical physicists, is to examine specific points in space, or in data, to determine their qualities. Here we test three
points against the behavior of two functions to determine their properties.

Hint

Y ou will need to know about partial derivatives and how to apply the Hessian determinant..

Answer

m F(X,y)=sinX + siny
In order to determineif apoint is a stationary point with respect to a function, we must first find the partial derivatives of that function,

oF 0 0
— = —sSiNX + —SiNy=CosSX
ox 0x ax

and
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oF 0 0
— = —38nX + —Siny=CosYy.
ay ay ay

We then insert our first point,

oF(n/2, -n/2) b
——— =cos—=0
X 2
0F(n/2, —-n/2) Vg
——=-cos—=0
ay 2
Thisis astationary point. What kind of stationary point? We now have to take the second derivatives,
PF 0
—— = —C0SX=-SinX
x> ax
for the point is question thisis-1.
#PF d ]
—— =—cosy=-siny
ay> Ay
for the point in question thisis 1
0°F 0
= —ocosx=0.
axaoy oy

The Hessian determinant is then

PF PF ( PF Y
DeH=— — - =snxsiny
ax2 oy?> \axay
and thetraceis
PF PF
TrH=——+ ——=-sinx —siny.
Xt ay?

For our point these become
DetH =sinxsiny=-1, TrH =-sinx —siny=0.

Since the determinant is negative, we have a saddle point at (x = g y=- g) We now examine the second point,

OF(-m/2, n/2) b

——=-cos—=0
oXx 2

0F(-n/2, 7]2) b

——  =cos—=0
ay 2

PF(-n/2, 11/2)

G

82F(-n/2, 71]2) L

ay?
&*F
=0.

axXoy

0?F *F [ 6*F \?
DetH= — — - =-
ax? ay?> \axay
This gives us another saddle point. The third point gives us
0F(-n/2, -n/2) T

=—cos—=0
dX 2



0F(-n/2, -n/2) b
——=-cos—=0
oy 2

82F(-n/2, 71]2) L
%2 -

82F(-n/2, 71]2) L

ay
0°F
=0.
axXoy
OPF PF  ( 6%F \?
DeH=— — - =1
ox2 ay?> \axay
#PF  PF -n -
TrTH=—7+— =—sin(—) —sin (—) =—(-D-(-1H=2
x> 9y? 2 2
So the third point isalocal minimum.
m F(X,y)=cosX + cosy
For thefirst point we have
OF(n/2, —7/2) b
——=-sn-=-1
ox
OF(-n/2, —-n/2) n
———=-sn—-=1
ay 2

thisis not a stationary point. In fact none of them are.
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