Interlude 3: Exercise 1

Explanation

This exercise provides practice in finding partial derivatives.

Hint

You will need to know the power rule, the sum rule, the sine and cosine rules, the exponential rule, and the chain rule.

Answer

n x2+y?=sin(xy)
There are two ways of doing this problem, the first is to rerwrite it,
x2 +3% —sin(xy) = 0.

The second is to leave it as it is. In either case we will be differentiating both sides of the equation at the same time.
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o 0 0 0
— [ +)?=sin(xy)| = [_xz +—)2 = —sin (xy)]
Ox ox 0x ox

=[2x=ycos (xy)]

Similarly,

0 0 0 0
—[x2 +y? =sin (xy)] = [—xz + —3)? = —sin (xy)]
Jdy dy dy dy

=[2y=xcos(xy)]

Then we have,

0? 0 7]
— [ +)? =sin(xy)] = [—2x = —ycos (xy)]
dx? ox 0x
0 7]
= [2 =y —cos (xy) + cos (xy) —y]
ox ox
= [2 =—)? sin (xy)]
and
02 7] 0
[x2 +3?% = sin(xy)] = [—Zx = —ycos (xy)]
dxdy ay ay

0 0
= [0 =y —cos (xy) + cos (xy) —y]
dy dy

=[0=—-yxsin(xy)+cos(xy)]

We also have

0? 0 0
—[x2 + 32 =sin (xy)] = [—Zy = —xcos (xy)] = [2 = _x2 Sin(xy)]
9)? dy dy
and
0? 0 0
[x2 +y2 = sin(xy)] = [—Zy = —XxCOS (xy)]
oxdy 0x 0x

0 0
= [Ozx— cos (xy) + cos (xy) —x]
ox ox

=[0 = —xysin(xy) + cos (x y)]
Note that §2 /dx dy is independent of the order of differentiation.
s X ex"’+y2
y

We use the constant multiple rule here,

i{ e)c1+y2 — 1_ ix exz_,_yz
ox y y Ox

We then apply the product rule,

if ev3+y2 — l_ (x iex1+y2 + ex2+y1 ix)
ox y y\ ox ox

We can simplify this by using the chain rule. We write
a=x>+y?
so we have
d x 1 0 0
— e = — (x —e’ + e —x]
ox y y\ da ax

or



ox , , 1
— = = —(x e? + e%)
ox y Yy
we also have
0
—a=2x
ox
S0,
6 1 ex2+y2
R —(2x2 0 4 ) = (262 +1).
ox y y y
Similarly,
R — P2 4 P2 -
dy y y 0y dyy
X, 0 x
— e = ——el et ——
Ay y y oy dyy
_ex2+y2_ _ea_eai
dy y y »?
where
—a=2y
dy
or
DX ey y et _gene
dyy y 2
S0
if PN = D x R _ g r — xex2+y2[2 _ L]
oy y »? »
Then
52 14
P X e L2 pspa )
x2 y y ox
) 932 1 2492
a_)i 242 _ L iexzﬂ,z + ¢ —(2)62 + 1)
0x2 y y  0x yo ox
> ) 2492
a_)ﬁexz-#y‘z = ﬂ ey’ i (x2 +y2) + < 4x
ax2 y y 0x y
2 x 2x2 +1 et
— = = ——— " 2 x 4 4x
ox%y y y
02 x ety
T etn? o (4x* +6x).
ox%y y
Then,
2 x 9 e’
et — — (2x2 + 1)
0xdy y ay 'y
P x 4 e’ erw?
=ttt = (222 +1)— + —(2x2 +1)
0x0y y oy 'y y 9y
8

* et = (2 2 o+ 1) [er2+y2 iy—l +y—1 iexz+y2)
dy dy

i3el.nb
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82

d
et 2 (207 4 1) ety 4yl et (2 4 )2
8xdy y Iy

62

Leen = (2x2 +1)(2e"07 — e 07 y2)
0xdy y

62

= e = (202 +1)(2)%y 2 et — e y2)
dxdyy

2 2492
0 x 2+.VZ:(2x2 +1)@X+y
oxoyy 32

(252 -1)
We also have

2
8_£ex2+y2 — ixex2+yz(2 _ 1_)
ay* y dy

2
a—ieﬂ*)’z =xe’? i(z - 1_) + (2 - L) ixexzﬂ’z
0y* y dy oy
i )ﬁ et =
9y* y »
2
a_)iex2+y2 —
y* y »?
02 x
— = = +4yx et -
9y? y » »?
i)ﬁ 2432 _ 2492 1_ 1_
et =2x e 2y — — =
y? y y
P x 2 x e+
—— et = ——— (1 )2+ 2)%).
y? y »

2x e’ 1 0
-+ (2 - —)xe"z’fyz —(x2 +y2)
»? oy

1
+ (2 - —) 2yx e
2

2yx et

2 x er

2x vt

m e¥cosy

Here we will employ the constant rule,

4]
—e‘cosy=cosy —e =e"cosy
0x X

and
0 0 .
—e'cosy=e" —cosy=—esiny
dy dy
then
9? 0
——e‘cosy=——e'cosy =e*cosy
d x? 0 x
and
9? 0
——eércosy=—e* — siny=—e‘cosy
9y dy
and finally,

82 0 .
efcosy=——e*cosy = —e'siny.
Ox0y dy




