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This Talk

| intend to cover four main topics:

[ How to make tensors in the newest version of Mathematica.

[ The metric tensor and how to transform vectors into covectors.
[ Cartesian tensor operations.

[ GR Operations
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How to Build a Tensor in Mathematica 9

Rank One

For rank one tensors, we can write them as tangent vectors,
Table[{x'}, (i, {"1", "2", "3"}}] // MatrixForm
Xl
XZ
X3
or as covectors
Table[x;, {i, {"1", 2", "3"}}]

{X1, X2, X3}
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Rank Two and Higher

We can use similar methods to develop rank two tensors, though Mathematica is not able
to cope with abstract indices without help from third-party software—I like xAct.
Table[o'J, {i, {x, Yy, z}}, {i. {X, Y, 2}}] // MatrixForm

2
o*® oXY gXz
2
o*Y oY oY?

2
Xz ¥z o

Table[o®rtdltii-oi}.Spacings>-11 1§ (x,y, z}}, {J, {X, Y, z}}] // MatrixForm
XX XY Xz
XYY vz

oX gZY¥ 2z

You can produce the individual tensor components,
o[i_,jJ ,n_]:=

2
Table[(n (axjvi [X5] + 0%, Vi [Xi] - |f[i =J. S okl s o]) + 1F[0 = j, €0y Vi[x], 01,

{k,1,n, 1}] /7 MatrixForm
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{o[1, 1, 31, o[1, 2, 31, o[1, 3, 3]} // TraditionalForm
45 vy (X)) + &y (%)

{| n(2wow - 2v00) + £v200) || 10+ %0 || 107 06) + v 0a) |}

[ (V1 (%) + Vo' (%)) ] [ 7 (V1 (%3) + V3 (X)) ]
(V1 (%) + Vo' (X)) 7 (V1 (%3) + V3 (X))

n(2v1'0w) - 2v5'0x0)) + £ V5 09)

You can also write a table to produce the entire tensor
st[n_] := Table[o[i, J,Nn], {i,1,n,1}, {j,1,n, 1}] // MatrixForm
st[3] // TraditionalForm

% V(X)) + &y (%)

n (2 V1'(Xq) — % V2'(X2)) + &V (%) n (1’ (X2) + Vo' (%)) n (V1" (X3) + V3'(%1))

[ 17 (V1" (X2) + Vo' (X1)) ] 7 (V' (X3) + V3'(Xq))
(v (X2) + Vo' (X)) 1 (V1'(X3) + V3'(X))

n(2w1'00) - S v5'06)) + £ v5'06)
/ — g ’ ’
n(2v2/06) = 2 w'0w) + € vr'(x0) (40 4 V5 O
SNV () + £V (%) 7 (v (%) + V3 (X))
17 (V2'(X3) + V3'(%2))

(V' (%) + Vo' (%))
7 (V' (X2) + Vo' (X1))

[ 7 (V' (X2) + Vo' (X1)) ]

n (2 Vo' (%) — % V3'(X3)) + £V3'(X3)
n (2506 = 5 vy'0w) + €w'(x)

n (V1'(X3) + V3'(X1)) 7 (V2'(X3) + V3'(X))
7 (V' (X3) + V3'(X1)) 7 (V2'(X3) + V3 (%))

17 (V1'(X3) + V3'(X1)) 7 (V2'(X3) + V3 (%))
[ ] [ ] n(2v5/06) - 2v2'00)) + €2/ 00)

g 1nV3'(Xg) + £ V3'(Xg)
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The Metric Tensor

A specific example of a calculation is one where we transform from a tangent vector to a covector using
the metric tensor,

Vi = g o (1)
So, given the tangent vector vl = (2, r cos 6, —r ¢), and assuming we are in spherical coordinates, we can
find the metric.

tv={2, rCos[e], -r¢};

met =

CoordinateChartData["Spherical™, "Metric", {r, 6, ¢}] // TraditionalForm
10 0

0 r? 0

0 0 r2sin%®)
We can even find the inverse metric,
im = CoordinateChartData["Spherical™,
"InverseMetric", {r, o, ¢}] // TraditionalForm

0 0
1
0 2 0
csc(9)

r2
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We take the product of the inverse metric with the tangent vector,
tv . CoordinateChartData["'Spherical™, "InverseMetric', {r, e, ¢}]//
TraditionalForm

giving us the covector
cos(d csc(6)
e s0) _¢ }

r r
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The Cartesian Tensor

We create a new tensor,
newtensor = Table[x®1ALUINT yOridltd N1 Z6ridlitadl r§, 1, 3}, {j, 1, 3}, {k, 1, 3}];
newtensor // MatrixForm // TraditionalForm

Xl yl z1 Xl y2 Zl Xl y3 Zl

Xl yl 22 Xl y2 22 Xl y3 Z2

Xl yl Z3 Xl y2 23 Xl y3 23

X2yt 71 K2 y2 74 X2 3 21
X2yl 22 X2 y2 22 K2 y3 2
X2yt 28 X2 y? 78 X2y 28
Xyl 21 @ y2 71 @ y3 2

X3 yl Z2 X3 y2 Z2 X3 y3 22

X3 yl Z3 X3 y2 Z3 X3 y3 Z3

We can see if its a tensor,
ArrayQ[newtensor]
True

We can find its rank
TensorRank [newtensor]
3
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We can perform a contraction

3
contens = Table[Znewtensor[[i ,a,all], {i,1, 3}] // MatrixForm // TraditionalForm
a=1

lelzl+xly222+xly3z3
YLl 4 X2y 2 1 2B A
By + 3y 2+ x3y3 8
We have the inner product
inl = Inner[Times, newtensor, newtensor, Plus] // FullSimplify // MatrixForm

xty2tzl (xtzl+x?224x32%) xty2lz? (x'zt+x?z2+x323) x'y2'z3 (xtz'+x?22+x32%) xt
xtyt2zt (xtzl e x?z22+x32%) xty't2z% (xPzt+x?z2+x323) xtyt?23 (xtz'+x? 2% + X3 2°) xt
xtyt3zt (xtzl e x?z22+x32%) xty't3z% (xzt+x?z2+x323) xty?323 (xtz'+x? 2% + X3 28) xt
x2y2tzl (xtzl+x2z22+x32%) x2y21z? (xzlex?z2+x323) x?y2'z3 (xtzl+x?z?+x3 23 x2
x2yt2zt (xtzl e x222 4+ x32%) x?y'?z% (xtz!+x 22+x323) x2yt2z3 (xtzl+x? 2% + x3 28) x?2
x2yt3zl (xtzl e x2z2+x32%) x2yt3 722 (xztax?z2+x323) x2y1323 (xPzl e x? 2%+ x3 28) x2
x3y2tzt (xtzt+x?z2+x32%) x3y2tz? (x'zt+x?z%+x%2%) xPy?1z3 (xtzlax?z?4x323) x3
x3ylt2zt (xtztex?z2+x32%) x3yt2z? (xtzt+x?z2+x32%) x3yh?z3% (xtzt+x% 2%+ x3 23) x3
x3yt3zt (xtztex?z2+x32%) x3yt3z2 (xtzt +x?z2+x32%) x3yt3 23 (xtzt+x% 2%+ x3 23) x3
newtensor . newtensor // FullSimplify // MatrixForm
xIy2lzl (x1ztox2224x328) x1y2iz2 (x1zlex2z24x328) x1y21z3 (xizlax2224x3 28 1
XIylZzl (xLzax222 x37%) xPylZz2 (xlzlex222x37%) x1yl2z3 (xPzlix?22 4 x32%) 1
xEyl@zl (xLzax222 x37%) xPyl@z2 (xbzlex222x37%) x1yldz3 (xEzlix?22 4 x37%) 1
X2 y21zl <X1 Zl+X2 22+X3 Z3> X2 y2122 (Xl Zl+X222+X3 23) X2 y2123 (X121+X2 ZZ+X3 Z3> X2
XZ yl+221 (X121+X2 ZZ+X3 23> X2 yl+2 22 <X121+X2 22+X3 23) X2 yl+2 23 (X121+X2 22+X3 23) X2
XZ yl+3zl (X121+X2 ZZ+X3 23> X yl+3 2 <X121+X2 22+X3 23) X2 yl+3 23 (Xl Zl+X2 22+X3 23) X2
x3y2lzl (x1z1ox2220x32%) x3y21z2 (x1zlex2z24x%2%) x3y2173 (xizlix222 4% 28 3
x3yl2zl (xLzlax222 x37%) x3yl?z2 (xbzlix?22x37%) xPyb2z8 (xEzlix?22 4 x3 27 3
x3yldzl (xlzlax222 x37%) x3yldz2 (xbzlex?22x37%) x3yldz® (xlzlix?22 4 x3 27 3
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We can take the direct product,

inl = Outer[Times, newtensor, newtensor] // FullSimplify // MatrixForm

A very large outputwas generated . Here is a sample of it:

X21y21221 X21y2121+2 X21y21zl+3

x21yli2 721 32112 512 y2lycls pls | («clss)  (<<ls>)
<«<1>> <«<1>> <«<1>>
(<<1>>) (<<1l>) (<<1>)
(<<1>>) (<<1l>) (<<1>)
(<<1l>) (<<1>) (<<1>>)
(<<1l>) (<<1l>) (<<1>>) ]
(«<1l>) («<l1>) («<l>» «<1l>)

(<<1>>)

Show Less || Show More || Show Full Output || Set Size Limit... |

|

(<<1>>)
(<<1>)

(<<1>>)

(<<1>>)
(<<1>>)
(<<1>>)

(<<1>>)

(<<1>>)

(<<1>>)
(<<1>>)

(<<1>>)



We can take the trace of the tensor,
Tr [newtensor]

X1y121+X2y222+X3y323

We can transpose,

Transpose [newtensor] // MatrixForm // TraditionalForm

Xl yl Zl
Xl yl 22
xtyl 28
Xl y2 Zl
xty? 22
xty? 28
xty3 24
xty® 22
xty3 8

XZ yl Zl
K2yl 22
K2yl 28
K2 y2 74
22 2
X2 y2 28
X2 y3 24
X2 y2 22
x2y3 7

x3 y1 71
X3 yl Z2
X3 yl 23
X3 y2 71
X3 y2 Z2
X3 y2 23
X3 y3 Z1
X3 y3 22

X3 y3 23

We can take a partial derivative

oxhewtensor // MatrixForm // TraditionalForm
1 Xl—l y2 Zl
1 xl-1y2 22
1 x-1y2 23
2 x21y2 7t
2 2 1y2 2
2 x21y2 53
3 x31y2 7
3x3 122

3 x3-1 y2 73

1 xi-lylzt
1 xi1yl 2
1 xi1yl A
2 x2 1yl
2 X2 lyl 2
2 x2lyl A3
3 x31ylzt
3331yl 2

3 x3-1 yl 73

1 xi-1y3 71
1 x-1y3 2
1 x-1y3 73
2 2 1y3 7
2 2 1y3 2
2 X213 A3
3 x31y3 7
33132

3 x3-1 y3 73
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we can determine the differentials
Dt[newtensor] // MatrixForm // TraditionalForm

dx1x¥ Iy 2 +ay 1 x3tyi 12 +dz L xXEyr 24 (dx L xtiy2 2 +dy 2 xEy? 2t v dz 1 xy? 221 (dx 1 x

dx Lx I 24 dy 1 XAy 12 4dz2 XAy 27| [ dx L XAy 2 4dy 2 xhy2 22+ dz 2 xEy2 22| | dx 1 xt-

dx Lx I 24+ dy 1 XAy 12 4dz3 xXPy 2 \dx 1 Xy R 4+dy 2 xhy> 1B +dz3 xty2 8t ) (dx1xt-
y y y y

dx 2y 2 v dy 1Ry 12 4 dz 1 Ryt Zb ) (dx 2 X2 Y224 dy 2 X2yt 1 dz 1 X2 y2 A (dx 2 X
y

Adx2 XMW 2 +dy 1y 124dz2 Ryr 2| [ dx 2 X122 4+dy 2 Pyt +dz2 X2y2 22| | dx 2 x*

Adx2 XM 2 +dy 1y 12 4+dz3 Py 2] dx2 X1y R+dy2 Py 1B +dz3 X2y 22 t) dx2 x>

dx3x3 Iy 2l v dy 13y 12 4 dz 1 3By bt (dx3 X3y 4dy 2 By A +dz 1 x3y2 A (dx 3 X3

dx 33 I 2 +dy 13y 124dz2 By 2| [ dx3 X312 2 +dy 2y 2 +dz2 x3y? 2| | dx 3 x®

dx3x W B +dy 13y 12 +dz3 3y 1) dx3 312 B +dy2 3y 12+dz3 x3y? A1) ax3 x®
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We can look for symmetries,
TensorSymmetry [newtensor]
{}
symten = Symmetrize [newtensor, Antisymmetric[{1, 2}]]
StructuredArray [Symmetri zedArray, {3, 3, 3}, -Structured Data-]

Normal [symten] // MatrixForm

0 % (-x2ylzlxly?z) % (-x3ylzlexty3z)
0 % (7X2 y1 72 . x1 y222> % (7X3 y1 72 . x1 y322)
0 % (7X2 ylz% . xly? 23> % (7X3 ylz% . x1 y323)
% (x2ytzt-xly?zl) 0 % (-x3y?zl+ x?y3 2)
% (x2yt 22 -x1y?22) 0 % (-x3y? 22+ x2y3 22)
% (X2y1 23—xly223) 0 % (7X3y2 z3+x2y3z3)
% (xPytztoxtydzl) % (x3y2zt-x2y3 1) 0
% (x3yt 22 -x1y?22) % (x3y2 22 -x2y? 22) 0
% (x3y1 23 _x1y3 23> % (x3y2 23 _x2y3 23) 0

TensorSymmetry [symten]
Antisymetric[{1l, 2}]
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GR Operations
The Metric

Here we input the metric

wa- Metric[gi_] = Module[
{n = Length[gi], g, ing},
g =Table[If[uzv, gillu, vI11, gillv, ulll, {4, N}, {v, N}1;
ing = Simplify[Inverse[g]];
{n, g, ing}]

we assign labels to the coordinates

«w- Evaluate[Table[X[u], {u, 4}1]1 = {t, r, 6, 0};

Here is the Schwarzschild metric:
o Metric[{{1-1/r}, {0, -1/ (1-1/1}, {0, 0, -r?}, {0, 0, 0, -r?2sin(e1?}}] 7/

TraditionalForm
1-1 0 o 0 -~ 0 0 0
| “7{4 0 _i 0 0 0 *-1.0 0 }
| 0 0, —r2 0 o o 'riz 0
0 0 0 -2rsinf®)( 0 O O —%
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Here we have the Christoffel Symbols:
- Christoffel [{n_, g_, ing_}, OptionsPattern[]] := Module|
{T, inT}, T = inr = Table[0, {A, n}, {u, N}, {v, n}];

Dol
TLIA, p, v]] = Simplify [ (D[Q[[A, v1], X[u]] +DIQL[A, u]1]1, X[v]] -DIg[[u, v1], X[A]]) /2];

IF[u#v, T[[A, v, u]l]l =T[[A, 4, v11], {A, N}, {u, N}, {v, u}l;
Do[inT[[A, p, v]] = Simplify[Sum[ing[[A, p1] T[[p, 1, V11, {pP, N}]11;
IT[u#v, INT[[A, v, u]] = INT[[A, p, v111, {A, N}, {u, N}, {v, u}l;

If[Optionvalue[PrintNonZero],

DO[IF[T[[A, u, v]] =1=0, Print["T"cridr¢(a-1,u-1,v-1331»  » TL[A, 1, v1111,
{X, N}, {4, N}, {v, u}1; DO[IF[inr[[A, u, v]] == 0,
Print[ rgridliat Ly, L inr A, 1, vIT]]. (A NY, (e, n), (v, )
11
{r, inr}]

wo- Christoffel [{n_, g_, Ing_}, OptionsPattern[]] := Module[
{r, inr}, T = IinT = Table[0, {A, n}, {u, N}, {v, N}1;
Do[
T[[A, u, v]] = Simplify[(D[Q[[A, v]], X[u]] +D[Q[[A, u]], X[v]]-D[Q[[ux, vI]l, X[A1]1) /2];
IF[u#v, T[[A, v, ul]l =T[[A, u, v111, {A, n}, {u, N}, {v, u}l;
Do[inr[[A, u, v]] = Simplify[Sum[ing[[A, p]] *T[[p, 4, ¥]]1, {p, N}1];
IF[u#v, INC[[A, v, u]] = INT[[A, 4, v1]1, {A, n}, {u, N}, {v, u}l;
DOo[IF[T[[A, u, v]] =!=0, Print["r", A-1, u-1,v-1," ", T[[A, u, v]11],
{A, n}, {u, n}, {v, u}1; DO[IF[inT[[A, u, v]] =!=0,
Print["r", A-1, u-1, v-1," ", inr[[A, 4, v1111, {A, n}, {u, N}, {v, u}
13
{r, InT'}]
Here we calculate the Christoffel symbols for the Schwarzschild Metric

- Christoffel |
Metric[{{1 -1/r}, {0, -1/ (1 -1/r)}, {0, O, -r?}, {0, O, O, -r?Sin[e1%}}]];
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To10 —

T'1to00 ~———

't 11

I'na2o2

T'1 33 rSin[e]?

T2 21 -1

Ty 33 r2Cos[6] Sin[o]
I's 31 -rSin[e]?

T3 32 -r2Cos[6] Sin[o]

2r -2r?2

Iy 5 1-r1

T3 3 -(-1+r)Sin(e]?
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Here we calculate the components of the Riemann tensor:
wo- REemann[{n_, g_, ing_}, OptionsPattern[]] := Module[
{r, inr, R = Table[0, {a, N}, {B, N}, {u, N}, {v, n}], R2 =Table[0, {u, n}, {v, n}], RO},
{r, inr} = Christoffel [{n, g, ing}]; Do[R[[a, B, u, v1] =R[[B, a, v, u]l =
Simplify[Sum[g[[a, A]] (D[inT[[A, B, v]], X[u]] -D[INT[[X, B, u]l]l, X[v]]) +
T[[a, A, u]]1 UNT[[A, B, v]] -T[[a, A, v]1] INT[[A, B, p]1], {A, N}1];
RL[B, a, u, vl] =R[[a, B, v, u]] = -R[[a, B, u, v]];
Iflp#a, R[[K, v, a, B]] =R[[v, 1, B, a]] =R[[a, B, i, v]];
RI[v, u, a, B1] =R[[u, v, B, a]] = -R[[a, B, 1, V111,
{a, 2, n}, {B,a-1}, {u, 2, a}, {v, If[p===a, B, u-11}1;
DO[R2[ [k, v]] = Simplify[Sum[ing[[a, B]] *R[[a, 1, B, V1], {a, N}, {B, N}]1;
If[u#v, R2[[v, u]l]l =R2[[u, vI111, {u, N}, {v, u}l;
RO = Simplify[Sum[ing[[u, vI1] R2[[u, v11 If[u#v, 2, 1], {u, N}, {v, u}ll;
Do[If[R[[a, B, u, v]] =t=0, Print["R"crid[((a-1,8-1,u-1,v-1}}1+  » R[[a, B, 1, V1111,
{a, 2,0}, {B,a-1}, {u, 2, a}, {v, If[p===a, B, u-11}1;
DO[IF[R2[[u, v]] =t=0, Print["R"crid[{(u-1,v-1331>  » R2[[u, vI1111, {u, N}, {v, u}l;
IF[RO=1=0, Print["R ", RO]1;
{R, R2, RO}]
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Here is the output for the Schwarzschild metric, assuming rg = L:
w- Riemann[Metric[{{1-1/r}, {0, -1/(1-1/r)}, {0, 0, -r~2}, {0,0, 0, -r"2Sin[e]"2}}11;

1
T'o10 ——
2r2

1
2r2
1

T100

I'ni11 ——
2 (-1+r)?

1227

T'1 33 rSin[el?
221 I

Ty 33 r2Cos[6] Sin[o]
Tz 31 -frSin[e]?

T's 32 -r2Cos[e] Sin[e]

5 1
21 —
r
r’, 4 ~Cos[6] Sin[o]
1
3
Tz —
r
3
T3, Cot [O]
1
Rio10 —
r3
-1+r
R:o20 -
2r2
1
Ro121
2 (-1+r1)
(-1+r)Sin[e]?
Rs 030 -
2r2
Sin[e]?
R3 131
-2+2r

Rs 232 -rSin[e)?
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Thank You!
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