Relativistic Viscous Fluids

Presented to the 2020 Midwest Relatinty Meeting, Unwversity of Notre Dame, IN

MAST




2 | VisFluid.nb

Introduction
This talk will proceed in the following way, all of this work being done in Mathematica
using xAct:
e We will present the stress-energy tensor for the perfect fluid.

e We will then show how we can get the fluid equations of motion for a perfect fluid
using the principle of source conservation applied to the stress-energy tensor.

e We will present the stress-energy tensor for a viscous fluid.
e [ will show the xAct implementation of this tensor.

e [ will then show how we can get the fluid equations of motion for a viscous fluid using
the principle of source conservation applied to the stress-energy tensor.
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The Stress-Energy Tensor for a Perfect Fluid

Given the pressure p, the density p, the metric tensor gog, and the 4-velocity u®, we can
write the stress energy tensor for a perfect fluid

TP = pgep+ (0 + p)u*il. (1)

How do we tell Mathematica to write this? First we have to load xAct.

ni= << XAct” xTensor™ ;
<< XAct xPert ;
<< XAct xCoba" ;
<< XAct” SymManipulator’;
$DefInfoQ = False;
$CVVerbose = False;
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The Stress-Energy Tensor for a Perfect Fluid 11

In[7]:=

In[8]:=

In[9]:=

In[10]:=

In[11]:=

In[12]:=

In[13]:=

Then we define our spacetime manifold.

DefManifold[M, 4, {a, B, ¥, Ly Ay, Uy, V}];

Then we define the abstract metric.

DefMetric[-1, g[-u, -v], CD, {";", "V"}, PrintAs - "g"];
We now establish our chart. We will label it cb for coordinate basis
DefChart[cb, M, {0, 1, 2, 3}, {t[], r[], 6[]1, ®#[1}]

Then we can specify how we want these written in output,

cb /: CIndexForm[OQ, cb] := "t";

cb /: CIndexForm[1, cb] := "r";

cb /: CIndexForm[2, cb] := "6";

cb /: CIndexForm[3, cb] := "¢";
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The Stress-Energy Tensor for a Perfect Fluid 111

We are using geometrized units in this work where G = 1 and ¢ = 1. We need to define the constant for the central

mass, M.
in143= DefConstantSymbol [M]

We will adopt the Schwarzschild metric.

nie= MatrixForm[met = DiagonalMatrix[{1- (2M) /r[], (1- (2M) /r‘[])'l, -r[1%, 2r[] Sin[e[]11°}]]

Out[16]//MatrixForm=

1‘2T ) 0 0
1

6 i )

) 0 -r )

0 0 @ 2rSin[o]?
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The Stress-Energy Tensor for a Perfect Fluid IV

We then enter this into our coordinate basis.

n171= MetricInBasis[g, -cb, met] // TableForm

Out[17]//TableForm=
2M

gttﬁl—T 8t 20O 8to 2O gty O
8t 20 Brr ™ 1le 8 20 8ry 20
ot @ 8or 20 Boo — -r? 8oy — 0O
gst 20 g, — 0 g0 — O g,, > 2rsin[e]?

We can show the symmetries.
nis= TensorValueseg

Oout18]= FoldedRule[{grt - 8trs 8ot > Btos 8or > Bros Bot ~ 8tos 8Bor > Broos 8pe gem})
{8 »1-(2M) /r, 8¢ -0, 8ep 0, By 20, 8o 21/ (1-(2M) /1),
8o 20, Bry 20, Bop > -1, 8oy >0, g,, —>2rSin[o]?}]
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The Stress-Energy Tensor for a Perfect Fluid V

We can also enter it directly using CTensor.
(9= gm = CTensor [met, {-cb, -cb}];
o= SetCMetric[gm, -cb];

The ¢¢ component of the tensor can be displayed.
1= gm[{@, -cb}, {@, -cb}]
out1]= 1 - (2 M) /r‘

We then define the density field.
ne3- DefTensor[p[], M];

Here we define the 4-velocity.

inz46)= U = CTensor[{1, 0, 0, 0}, {-cb}];
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The Stress-Energy Tensor for a Perfect Fluid VI

For the perfect fluid we need to define a pressure field.

nes:- DefTensor[p[], M];

The stress-energy tensor for the perfect fluid s,
nan= TFla_, B_] 1= (P[] <u[-a] ~u[-B]) - (P[] ~u[-a] <u[-B]) +p[] ~gm[-a, -B]

nasi= TF[a, B]

“p+p (Lﬂ)w 0 0 0
r
] L 0
Out[248]= 1-— af
0 e -pr? [’}
2] 2] @ 2prSin[e]?

We can specify a particular set of components.

inpaoy= TF[{-0, cb}, {-0, cb}]

2M
out249)= —p + Pp [1— —) +0
r
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The Stress-Energy Tensor for a Perfect Fluid VII

We can make a command to do this,
inesop= SET[a_, B_] := Tf[{-a, cb}, {-B, cb}]

in2s1:= SET[@, @]
2M

ou2511= —p + p [1 - 7) +0
r

in2s21= SET[@, 1]

out[2521= @

inizs3;= SETTable = Table [Row[ {"T"Grid[{{a,8}}1> =" » SET[a, B]}], {a, O, 3}, {B, @, 3}] // TableForm

Out[253]//TableForm=

To 0>-P + P (1_ M) o Ty 150 Ty 50 Ty 50
r

T, ¢—0 T, 1%%_ﬂ T, ,—0 T, 30

T, ¢—0 T, 1-0 T, ,--p r2 T, 320

T; ¢—0 T; 150 T; ,-0 T; 3»2prSin[e]?
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Using the Source Conservation Law to Derive the
Equations of a Perfect Fluid

The source conservation law is often called the conservation of 4-momentum. Why the distinction? There is no

general conservation of 4-momentum in general relativity, only in the source of the gravitation field.
We can write this conservation law
7%, =0. (2)
In our case, by (1) we can write this, in terms of the velocity of the fluid v,
T+ T =8p+pd,;=0. 3)
Looking at this long enough, we will realize that it is the continuity equation.
We also have the spatial components
Tij,o + Tij,j = 5;,0 Z)i + (p vi vj),j +pi= 0. (4)

This is none other than the Euler equation for a fluid.
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Using the Source Conservation Law to Derive the
Equations of a Perfect Fluid 11

In general we can write the Christoffel symbols
inz2i= Christoffel[CD, PDcb] [a, -8B, -¥]
ouzzl= T'[V,D] %5y
We can calculate the covariant derivative of the metric.
inesz= cdg = CovDOfMetric[gm] ;
We can calculate the Christoffel symbols.
in23s= chr = Christoffel[cdg, PDcb];
We can determine a specific Christoffel symbol

ine3a= chr[{0@, cb}, {0, -cb}, {1, -cb}]
M

oute34z — ———————
2Mr -2

We can make a command to do this,

nzesp= T'[a_, B_s ¥_]1 := chr[{a, cb}, {B, -cb}, {¥, -cb}]

3= T'[O, 0, 1]
M

out237) — ——————
2Mr - r2

We can get all the components.
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na7:= ChrisTable =
Table[Row[ {"T"&ridt{{*)] 1315 "»", Tla, B, ¥1}]5 {a, @, 3}, (B, @, 3}, {¥, @, 3}] // TableForm

Out[37]//TableForm=

Tea 3%0 T 1 07

0 0
0 - 2Mp_p? T 2 e%e T 3 9%0
0 e
"o 1—- 2 Mp_r? I‘el 19@ Iy 1%@ I'3 1%@
0 0
Teg 2%0 Tel 2%@ 02 2%@ Fe3 2%0
% ;-0 % ;-0 2 379 I3 3-0
1 M (2M-r) 1 1
e 0= 5 - Tll e—0 . rt, ,—0 F13 00
1
F10 150 T 1 R , 10 "3 10
1 1 1 ' ,-0
1"92%0 leﬁe 1_‘22%72M+r‘ 32
1 1 (2M-r) Sin[6]?
Tla 3%0 Tll 3%@ r 2 3%0 r 3 37 r
2 2 2
Iy -0 T71 00 I, 00 I'"3 ¢—0
2 2 1 2
Iy 150 %1 1-0 T2 1> I3 1-0
2 1 2
r?y ;-0 P12 T2, ,50 T3 ,-0
2 2 sin[26]
T ) 3%0 Tzl 3%0 Tzz 3%@ r 337 r
3 3 3 3
T 0 9%0 r 1 0%0 I 2 e%e T 3 0%9
3 3 1
Iy 150 F31 1-90 ?, 1-0 s a->o0
3 3
IT70 20 T31 2991 T2 2—0 5 ,-Cot[6]
3 1 3
I'g 3%0 I 3%2'“ I 3%C0t[9] ]_—‘33 39@
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Using the Source Conservation Law to Derive the
Equations of a Perfect Fluid 111

We can write the covariant derivative of the stress-energy tensor.
nps= cdstpfla_, B_, ¥_] := cdg[-a]l [TF[B, ¥]]
We can write this,

inpzes= cdstpf[a, B, ¥] // ToCanonical // Simplify

2 M (Dt p)
el I RLUNE) ° °
0 2Mr)r
2 M (Dap) %) 0 0
- - +Dg P 0 2] [}
2 M (mp) 1Dy 0 0 0 %)
r
Dep
P
M (-p+p) r (D p) o o
(2 Mér) r iM‘;r ° °
o Lan o o
Out[265]= " e 2
4 2p Bya
P
0 0 -r2 (D p) 0
0 ] -r2 (D p) ]
0 4 -r? (D5 p) 4
0 ] _r2 (Ds P) 0
o ) ) 2 r sin[6]? (D p)
2} 0 0 2 r Sin[6]% (D.p)
0 0 0 2 r sin[e]? (D.p)
0 4 4 2 r Sin[e]2 (D, p)

We can specify the specific components of this. Here we have the covariant derivative of the time-time component.
nia0= cdstpf[{@, cb}, {0, cb}, {@, cb}] // ToCanonical // Simplify

Outfd0]= — < (ZM (De p) > /r‘) + Dt O
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We can write a program for this,
In[41]:= Cdsetpf[a_.v /3_: 7_] .= CdStp'F[{a) Cb}) {B, Cb]‘: {7: Cb}]

inessi= cdsetpf[@, @, O] // ToCanonical // Simplify

2M (De p)
outessl= — ————————— + D¢ O
r

inesei= cdsetpf[1, @, @] // ToCanonical // Simplify

Out[256]= I M (o - 1

ines7= cdsetpf[2, @, O] // ToCanonical // Simplify

out2571= | 2w (wop -2

inessi= cdsetpf[3, @, @] // ToCanonical // Simplify

out258l= | 2 m (np) -3
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Using the Source Conservation Law to Derive the
Equations of a Perfect Fluid IV

In[261]:

Out[261]

Putting together all of the derivatives of the time components

tcdsetpft = Total[Table[cdsetpf[a, 0, O], {a, ©, 3}]] // ToCanonical // Simplify

1 -2 M (Dep)+r (Dep) -2 M (Dep)+r (Dep) -2 M (Dep)+r (Dep)
2l]-2m @epyer (@00) “2 M (Do p)+r (Do p) “2 M (D p)+r (D p) B

Smopyer ooy |3 2w @pr oo |2 2w @prer o) |2 T2ZM (DeP) + 1 (D)
F\l2m @, p)+r 2,0 “2 M (D p)er (D 0) “2 M (D,p)+r (D p)

Setting this to 0 will give us the continuity equation for a perfect fluid in Schwarzschild spacetime. This is how (3) is

adapted to our specific geometry.



Using the Source Conservation Law to Derive the
Equations of a Perfect Fluid V

In order to get the equations of momentum we need to apply a projection tensor.

In[433]:=

In[434]:=

Out[434]=

In[142):=

out[142]=

We begin by defining the projection tensor.

Pla_, B_] :=gm[-a, -B] +u[-a]

Pla, B]
2-2" 0 0
r
0 — 0 ]
1
0 e -r? 0
0 0 @ 2 r Sin[e]?

aB

ul-al]

We can specify a particular set of components.

P[{-0, cb}, {-0, cb}] // Simplify

2M

r

2

VisFluid.nb | 25



26 | VisFluid.nb

We can make a command to do this,

4= PT[a_, B_] :=P[{-a, cb}, {-B, cb}] // Simplify

inf1441:= PT[O@, O]

2M

out{144]= 2 — ——

r

Out[145]//TableForm=

Po
Py

P,
P3

092 -

@90

0—0

0—0

2M
r

,—0
2%0

p—r

,—0

30

34)0

30
32 rSin[e]?
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Using the Source Conservation Law to Derive the
Equations of a Perfect Fluid VI

So we then write,
inas1= mom[a_, B_, ¥_» U_, V_] :=P[u, v] < cdstpf[a, B, ¥] // ToCanonical // Simplify

ini4821= mom[a, B, ¥, Uy V]
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The Stress-Energy Tensor for a Viscous Fluid 1

It is important to realize that for a Non-Perfect Fluid the stress-energy tensor will have the form of the stress-energy

tensor plus some additional terms,
T = Stress — Energy Tensor : Perfect Fluid + Viscous Contributions + The Generation of Energy Fluxes.  (5)

We will adopt the Eckert frame for our presentation as this is most generally applicable (though not for some many-

body collision cases).

The stress-energy tensor for the Eckert frame of a viscous fluid exhibiting heat flow, having an anisotropic stress

tensor 1%, the viscous bulk pressure I1, a projection tensor P, the heat-flux 4-vector ¢¢,
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TP =pu P + 7P+ (p+ 1) PP + ¢* P + P .

PP = g 4y P,
= p= peq.
We also have the heat flux 4-vector,
¢ =(0,4)

where the hat represents spatial components in the comoving frame of the fluid.

(6)
)
(©))

9)



VisFluid.nb | 31

The Stress-Energy Tensor for a Viscous Fluid 11

We then establish our equilibrium pressure.
ina43s;= DefConstantSymbol [peq]

Then we define the viscous bulk pressure.

naser= T[] 2= p[] - peq

The heat flux 4 - vector is.

in43s;= q = CTensor[{0, q1, 92, q3}, {-cb}];

neat= € = CTensor [ { ;2 »0,0,0}, {-cb}];

1- 24
in4421= DefTensor[S[], M];
1
- ofa_y B_] = N3 S[] (c[—a] c[-B] - ; (u[-a] <u[-B] -gm[-a, -B])

in4451= of[a, B]

V3 %7ﬂJ s ) ) )
PEEL T
0 o 0
Out445]= V3 (177 aB

2

) 0 e 0
Vi

0 0 0 2 rssinfe)?
V3
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The Stress-Energy Tensor for a Viscous Fluid 111

nass= TvF[a_, B_] =
p[]l xu[-a] xu[-B] +o[a, B] + (p[] +II[]) P[a, B] +q[-a] xu[-B] +q[-B] ~u[-a]

inss= TvF[a, B] // ToCanonical

ql q2 q3
g1 O 0 0
Outl455= 142 @ peq r2-2 p 2.5 g aB
V3
g3 o 0 (0]

We can specify a particular set of components.

nse= TvF[{-@, cb}, {-0, cb}]

2M 1 2M
ousel= (-peq+2p) [2- — | + \3 - —
r 1_2M 3p

We can make a command to do this,
inas7:= SETV[a_, B_] 1= Tvf[{-a, cb}, {-B, cb}]
ins91= SETV[O, 0]

2M

ousa- (-peq+2p) (2— —] + 43 [

1 2M
1-2" 3p
-

r
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The Stress-Energy Tensor for a Viscous Fluid IV

nieso)- SETVTable = Table [ROW[{"T"6rid[((a,5)315 "> SETV[a, B1}1, {a, @, 3}, {B, @, 3}] // TableForm

Out[460]//TableForm=

To ¢—(-peq+2p) (2—%) + 43 (Llﬂ—%)suv Te 191 To 2-q2
_ +2 S
T, ¢-q2 T, ;-0 T, - (-peq+2p) r?

T3 ¢—Q3 T3 150 T3 ,-0
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Using the Source Conservation Law to Derive the
Equations of a Viscous Fluid 1
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We can write the covariant derivative of the stress-energy tensor.
nies= cdstpfvla_, B_, y_] :=cdg[-a]l [TVF[B, ¥]]
We can write this,

inueg)= cdstpfv[a, B, ¥] // ToCanonical // Simplify

(6] . 'ql Dt 92 Dt 93
r g2 (-M+r) a3
: 2.0, ql (2 Mr) +or G2 amar a3
0 qra 2 M qgl-ql r+D;q2 -q3 Cot %6]%)0 q3
-:‘f% ql -g3 Cot[O]+D, q2
M q2 M g3
D ql : 2 Mrr? 2 Mr-r?
7£+@5 ql 0 0 e
q"_j . [} [}
out[469]= -5 D0 ql 0 0 Bya
D qz M q2
q2 (-M+r) D G2 2 Mr-r? z g
(2 M-r) r rq 0 .
2 M ql-ql r+D, 2 0 o e
-g3 Cot[6]+D, q2 0 e
Dt 43 M a3 ° 0
q3 . 2 Mr-r?
D g3 4 0 0
4 M-2r .
~g3 Cot[0]+Ds q3 0 e
0 o 0 0

We can specify the specific components of this. Here we have the covariant derivative of the time-time component.

ina470= cdstpfv[{@, cb}, {0, cb}, {0, cb}] // ToCanonical // Simplify

-3t (pes
Out[470]= [4—ﬂ) (De p) + ( r 2M—r) ( t ) fDep
r NE)
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We can write a program for this,
n@471:= cdsetpfvla_, B_, ¥_] := cdstpfv[{a, cb}, {B, cb}, {¥, cb}]
n473= cdsetpfv[@, @, @] // ToCanonical // Simplify

2M 3r
am (7 r 2M—r‘) (e S)
Out[473]= (4 - —) (De p) + + Dt O

" 3

in4741- cdsetpfv[1l, @, @] // ToCanonical // Simplify

out[474]=

[e]e]o)o]
I
N

in47s1= cdsetpfv[2, @, @] // ToCanonical // Simplify

out[475]=

[e]e]o)e]
I
N

ina476)= cdsetpfv[3, @, @] // ToCanonical // Simplify
1Y)
0
0
0

Out[476]= 3
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Using the Source Conservation Law to Derive the
Equations of a Viscous Fluid 11

Putting together all of the derivatives of the time components

na47e1= tcdsetpftv = Total[Table [cdsetpfv[a, 0, 0], {a, ©, 3}]] // ToCanonical // Simplify

: : : 4M (Dt p) \/3 <@t S> 2M (Dt S)
ourel= ol 3 + @2 + |l 1 4 (Dep) - + o + D¢ O
ol o o r -2 N

Setting this to 0 will give us the continuity equation for a viscous fluid in Schwarzschild spacetime.
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Using the Source Conservation Law to Derive the
Equations of a Viscous Fluid 111

In order to get the equations of momentum we need to apply a projection tensor.
inas4= momv[a_, B_, ¥_, U_, V_] :=P[u, v] < cdstpfv[a, B, ¥] // ToCanonical // Simplify

in4gsi= mom e, B, ¥, Uy V]



40 | VisFluid.nb

a a a a
v c ° o
S S} 8 8
< < < [
coo® SRR coo® coo®
< c < c
| | | I
= = = =
o~ o~ o~ o~
— ————
—
Q — = — ~
s 2 8 % 2
- Q ~ Q Q
~ P, - ~ s - -
PO HHIOOCOOOOOOOOO®® b T = E e |
DI coo gl oo oo Tt oo T
= HE " =]~ <
a 5 a = £
a v a a
= o < IS S
o~ ~ ~ o~ o~
| — I
3l COOPOOPOCOIOOOO O ® COOPOOPOCOIOOOO OO
&l g ol s o s .
COI0 PP OPOPOPOOOO® 3ls Bk 3| 5 2 g
¢ é ¢
A OO =S OO0 2=0 O0 =0 90 o= R COOOOCOCOOODOOO OO
3—! 3—! Zr zr
— RN COOPOPOPOCDPOOOO O ®
~
o[t ot ot ot ot
i 900090090000 ¢lice oSlive o 3ioe o dlio COPOPPOPOOPOOOO OO COOPPOPOODPOOOO OO
=" ~ ~ ~ ~
- Ll Ll Ll Tl
—
—
W — — — —
LIk 5 s 2 <
— 2l SArs SArS S
CI0o00 000000000000 |ll ;000 (000 (1000 _[(zO0O
== Sl Tl Tl Tl
I\Q = = = =
- = = = =
~ ~ ~ ~ ~
—
e——
9
g
&
7
— — — — e
oo 0000 0 00 o 0 0@ PO L IO 00 00O OO ®®
2w
5
a
= = = =
Q Q Q ~
o ° s —
8 g g
[ [ (= mr OO0 OO0
+ + + L
= a a PO OPOPOPOOPOOO® O ®
oo ,o0oc@coo oo Lo e COOPOOPOCOIODOOOO® COOPOOPOCOOOOO O ®
Q Q Q =
= = = —
= = = — R R
b N o 3T
) 5
- - - CAIOP POPOOOOOPOO®O O CPOPPOPOOPOOOO OO CPOOPPOPOODPOOOO O ®
< < < M?,.
i ] | L
—
Qoo o@c0coc@cooco@oco B
Ll
- alt
7000.090.600.000 AR I
| =
uh\.u\
=
~
—
.F
n
@©Q
X
5
(@]




VisFluid.nb | 41

Once again, you can read the components off the lists to get the specific components.

More work on this needs to be done to extract features like the vorticity tensor.
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