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Origins

@ Discovery (1957): The Lewy operator

is NOT locally solvable.

@ An operator L is called (C*°-) | ocal I y sol vabl e at X
(e R") if for every smooth (C>°(R")) function f there is a
function (or distribution) u so that Lu =f on sone
nei ghbor hood of xp.

@ We'll say simply thatL is| ocal | y sol vabl eifitis
locally solvable at every xq in R".

@ Vector fields X = 0, Y = 0y + X0, are LEFT INVARIANT
onHj. (i.e. 7z oV =V o 7 for group translation 7; where
V =XorY.)
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Homogeneous operators.

Consider operators in the form
L = (—iX)" + lower order in X

where the replacement X — z, Y — 1 yields a polynomial (in z)
with distinct roots.
More precisely, we set L = P(X,Y), in operator notation, where

@ P is a HOMOGENEOUS polynomial with complex
coefficients in the non-commuting variables X,Y .
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Homogeneous operators.

Consider operators in the form
L = (—iX)" + lower order in X

where the replacement X — z, Y — 1 yields a polynomial (in z)
with distinct roots.
More precisely, we set L = P(X,Y), in operator notation, where

@ P is a HOMOGENEOUS polynomial with complex
coefficients in the non-commuting variables X,Y .
@ Inthe conpl ex vari abl e z,

p(z) u P(iz,1) = z" + lower order

withn > 2
° p(z)ng(iz,l) hasdi stinct roots~j:j=1,...,n.
@ We'll call such polynomials GENERIC.
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Those Results.

Theorem

A generic operator L of order n > 2 is locally solvable if and
only if the corresponding ordinary differential equations

have no Schwartz-class solutions other thany = 0.
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Those Results.

Theorem

A generic operator L of order n > 2 is locally solvable if and
only if the corresponding ordinary differential equations

have no Schwartz-class solutions other thany = 0.

("*" denotes adjoint.) We can det er m ne | ocal
sol vability by characteristic roots

A generic operator L is locally solvable if all of its characteristic
roots 4; are purely imaginary.

Author, Christopher Winfield Local Solvability on H; www.madscitech.org



Motivation How it All Started

Previous Work

Examples

@ Fordistinctreal o :j = 1,2,...,n the operators
L= njnzl(x — oY)

is locally solvable.
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Examples

@ Fordistinctreal o :j = 1,2,...,n the operators
L=N1(X — oY)
is locally solvable.
@ Operators of the form
L=X2+Y24i)X,Y]
for constant ) is locally solvable if neither of £\ is an odd
integer.
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Motivation How it All Started

Previous Work

Examples

@ Fordistinctreal o :j = 1,2,...,n the operators
L= njnzl(x — oY)

is locally solvable.
@ Operators of the form

L=X2+Y24i)X,Y]

for constant ) is locally solvable if neither of £\ is an odd
integer.

@ Indeed, L above is not locally solvable if either of £\ is an
odd integer. The result follows according to the
eigenvalues of the Her i t e ordinary differential operator

92 —x2
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We now consider operators of the form

where Py, is generic (of order n > 2) and Q is of order strictly
less than n.
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We now consider operators of the form

where Py, is generic (of order n > 2) and Q is of order strictly
less than n. Let us set

L€ P (ipdy, pu)

LE = Py(%idy,u)

respectively.
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The Setup.

We now consider operators of the form

where Py, is generic (of order n > 2) and Q is of order strictly
less than n. Let us set

L€ P (ipdy, pu)

LE = Py(%idy,u)

respectively. Think of the all but the highest order terms in XY
vanishing as u — oo.

Author, Christopher Winfield Local Solvability on H; www.madscitech.org



The Setup
Some Results

New Results )
Basic Ideas for Proofs

Non-Solvability

e New Results

@ Some Results

thor, Christopher Winfield



The Setup

Some Results

Basic Ideas for Proofs
Non-Solvability

New Results

For the operator L above suppose that the (generic) polynomial
Pn has characteristic roots ; all with non-zero real parts. Then
L is locally solvable if Pn(X,Y) is locally solvable.

Author, Christopher Winfield Local Solvability on H; www.madscitech.org



The Setup

Some Results

Basic Ideas for Proofs
Non-Solvability

New Results
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For the operator L above suppose that the (generic) polynomial
Pn has characteristic roots ; all with non-zero real parts. Then
L is locally solvable if Pn(X,Y) is locally solvable.

From [W1] we have immediately

The operator L above is locally solvable if ker(££ )*NS(R)
= {0} for both choices of + sign.
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Results on non-solvability we now state are as follows:

L is not locally solvable if, for some choice of + sign, the set of
parameters p € RT : ker(£:£)*NS(R) \ {0} # 0 has a limit point
inRT.
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L is not locally solvable if, for some choice of + sign, the set of
parameters p € RT : ker(£:£)*NS(R) \ {0} # 0 has a limit point
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In other words, L is NOT locally solvable if the non-1 i near
ei genval ues of Eff has an accunul ati on poi nt for some
choice of +.
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Results on non-solvability we now state are as follows:

L is not locally solvable if, for some choice of + sign, the set of
parameters p € RT : ker(£:£)*NS(R) \ {0} # 0 has a limit point
inRT.

In other words, L is NOT locally solvable if the non-1 i near
ei genval ues of Eff has an accunul ati on poi nt for some
choice of +.

L is not locally solvable if the cardinality of either {+;|Re~; > 0}
or {7j|Re~ < 0} is greater than n/2.
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The Representation.

(LY. wW) = 5 [ e 0EIP@, —i(e +xn)(x. € ndedy

™

@ Change of variables on P (dx, —i(§ + xn)) result in studying
of £;; = = "P(Fpdy, pu)
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The Representation.

(LY. wW) = 5 [ e 0EIP@, —i(e +xn)(x. € ndedy

@ Change of variables on P (dx, —i(§ + xn)) result in studying
of £;; = = "P(Fpdy, pu)

@ Our main ODOp: In the + case (say) for some
homogeneous P; of degree |

n
1 .
ﬁu:§ Jpn_,-(uau,u)
j=0

@ NOTEthesingularity at u=0!
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Main Estimates.

@ There are bases {7 (t, 1) }i_, of kerL,, of functions C*°(R)
as functions of t and holomorphic as functions of Rey, > 0
which for 1 < k < nand 0 < | satisfy

dl —
G Vi () = (Gt + G/ e/ 2H(1 + o(1)

ast — +oo (resp.)
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@ There are bases {7 (t, 1) }i_, of kerL,, of functions C*°(R)
as functions of t and holomorphic as functions of Rey, > 0
which for 1 < k < nand 0 < | satisfy

] .
ST () = (ot + )€1 1 o(1))
ast — +oo (resp.)

@ The s depend on the ~’s and the
coefficients of Py_;.
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Main Estimates.

@ There are bases {7 (t, 1) }i_, of kerL,, of functions C*°(R)
as functions of t and holomorphic as functions of Rey, > 0
which for 1 < k < nand 0 < | satisfy

di :
G Vi () = (Gt + G/ e/ 2H(1 + o(1)
ast — +oo (resp.)

@ The s depend on the ~’s and the
coefficients of Py_;.

@ Roughly: These estimates can be extended to conpl ex t,
on sectors depending on characteristic roots ;.
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Main Estimates.

There are bases {y;(t, 1) }_, of kerZ,, of functions C*°(R)
as functions of t and holomorphic as functions of Rey, > 0
which for 1 < k < nand 0 < | satisfy

i .

ST () = (ot + )€1 1 o(1))

ast — +oo (resp.)
The §'s depend on the 4’s and the
coefficients of Py_;.
Roughly: These estimates can be extended to conpl ex t,
on sectors depending on characteristic roots ;.
A key to broad characterization of solvability lies in the
study of transition matrices A(x) where bases ¢+

ot = Ay~
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Solvability: Divide and Conquer

Solvability is proved by construction (forming a parametrix), by
dividing up the the domain of x to one of | arge p > 0 and
anotherof 4 on a conpl ex ar c away from O:
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Solvability is proved by construction (forming a parametrix), by
dividing up the the domain of x to one of | arge p > 0 and
anotherof 4 on a conpl ex ar c away from O:

@ Aswe bypass the singularity at u =0 we apply

smooth changes of bases appropriate to various sectors of
the complex t plane.
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Solvability is proved by construction (forming a parametrix), by
dividing up the the domain of x to one of | arge p > 0 and
anotherof 4 on a conpl ex ar c away from O:

@ Aswe bypass the singularity at u =0 we apply
smooth changes of bases appropriate to various sectors of
the complex t plane.

@ Solutions to £,y = 0 are manageable for our parametrix
since we need only to solve our PDE locally. Our
parametrix allows this by applications the famous
Theorems of Roche and Cauchy.
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Solvability: Divide and Conquer

Solvability is proved by construction (forming a parametrix), by
dividing up the the domain of x to one of | arge p > 0 and
anotherof 4 on a conpl ex ar c away from O:

@ Aswe bypass the singularity at u =0 we apply
smooth changes of bases appropriate to various sectors of
the complex t plane.

@ Solutions to £,y = 0 are manageable for our parametrix
since we need only to solve our PDE locally. Our
parametrix allows this by applications the famous
Theorems of Roche and Cauchy.

@ The hypotheses on P,(+idx, x) render our parametrix
manageable for large n. Again, by locally restricting the
solution.

Author, Christopher Winfield Local Solvability on H; www.madscitech.org



The Setup
Some Results

New Results ;
Basic Idea r Proofs

Non-Solvability

e New Results

@ Non-Solvability

hor, Christopher Winfield cal Solvability on H; www.madscit



The Setup

Some Results
New Results

Basic Ideas for Proofs
Non-Solvability

A necessary condi ti on for solvability of PDOp L
(H6rmander) is a follows:
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A necessary condi ti on for solvability of PDOp L
(Hérmander) is a follows: Ve > 0, 9N > 0 such that

|/<z>u7| < Nl IL*W o

for every ¢, W € C°°(R®) supported in |(X,y,W)| < e.
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A necessary condi ti on for solvability of PDOp L
(Hérmander) is a follows: Ve > 0, 9N > 0 such that

|/<z>u7| < Nl IL*W o

for every ¢, W € C°°(R®) supported in |(X,y,W)| < e.
This condition is violated when

@ Py (X,Y)is not locally solvable and A(y;) converges to a
limit A(oo) sufficiently rapidly for some sequence j;; — oo .
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A necessary condi ti on for solvability of PDOp L
(Hérmander) is a follows: Ve > 0, 9N > 0 such that

|/<z>u7| < Nl IL*W o

for every ¢, W € C°°(R®) supported in |(X,y,W)| < e.
This condition is violated when
@ Py (X,Y)is not locally solvable and A(y;) converges to a
limit A(oo) sufficiently rapidly for some sequence j;; — oo .
@ Py(X,Y) may or may not be locally solvable but there is a
non-trivial W(x, i) in kerL,, which is of class S(R) x C*>(7)
- for . on an interval 7.
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Non-Solvability

A necessary condi ti on for solvability of PDOp L
(Hérmander) is a follows: Ve > 0, 9N > 0 such that

|/<z>u7| < Nl IL*W o

for every ¢, W € C°°(R®) supported in |(X,y,W)| < e.
This condition is violated when
@ Py (X,Y)is not locally solvable and A(y;) converges to a
limit A(oo) sufficiently rapidly for some sequence j;; — oo .
@ Py(X,Y) may or may not be locally solvable but there is a
non-trivial W(x, i) in kerL,, which is of class S(R) x C*>(7)
- for . on an interval 7.
@ The latter condition my depend on the §;'s which, in turn,
depend on the coefficients of P, and Py_1.
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Second-Order Plus Lower-Order

BE X2 _ja;YX +aY2 —ia[X,Y] - ibiX +byY +¢
where ay, by, a, ¢ complex numbers with a% =+ 4a,.

The operator L % B+ is not locally solvable if one the cases
hold:

Author, Christopher Winfield Local Solvability on H; www.madscitech.org



A Few More Results
Final Remarks
More Results Plus Remarks Some References

Second-Order Plus Lower-Order

BE X2 _ja;YX +aY2 —ia[X,Y] - ibiX +byY +¢
where ay, by, a, ¢ complex numbers with a% =+ 4a,.

The operator L % B+ is not locally solvable if one the cases
hold:

@ Rev; and Re~, are non-zero and have the same sign;
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Second-Order Plus Lower-Order

BE X2 _ja;YX +aY2 —ia[X,Y] - ibiX +byY +¢
where ay, by, a, ¢ complex numbers with a% =+ 4a,.

The operator L % B+ is not locally solvable if one the cases
hold:
@ Rev; and Re~, are non-zero and have the same sign;
@ Rey; =0 > Ren,; and

Im(y1 — 72) Im(by + y1b2) > Re(2) Re(by + v1by); or
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Second-Order Plus Lower-Order

BE X2 _ja;YX +aY2 —ia[X,Y] - ibiX +byY +¢
where ay, by, a, ¢ complex numbers with a% =+ 4a,.

The operator L % B+ is not locally solvable if one the cases
hold:

@ Rev; and Re~, are non-zero and have the same sign;
@ Rey; =0 > Ren,; and

Im(y1 — 72) Im(by + y1b2) > Re(2) Re(by + v1by); or

@ Revy, =0 < Rev; and
IM(y2 — 1) Im (b1 + 72b2) < Re(v1) Re(by + 12b2)
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Case
BE X2 £ 2iAYX —ia[X,Y] —ibiX +boY +¢
a=a=0
a; = —2\

for some real \ # 0.
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Case
BE X2 £ 2iAYX —ia[X,Y] —ibiX +boY +¢
a=a=0
a; = —2\

for some real \ # 0.
® The characteristic roots are 1 and 2.

Author, Christopher Winfield Local Solvability on H; www.madscitech.org



A Few More Results
Final Remarks

More Results Plus Remarks Some References

Case
BE X2 £ 2iAYX —ia[X,Y] —ibiX +boY +¢

a=a=0
a; = —2\
for some real \ # 0.

® The characteristic roots are 1 and 2.

@ The associated operator B is locally solvable when
b =b,=c=0.
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Case
BE X2 £ 2iAYX —ia[X,Y] —ibiX +boY +¢

a=a=0
a; = —2\
for some real \ # 0.

® The characteristic roots are 1 and 2.

@ The associated operator B is locally solvable when
bl = b2 =c=0.
@ However, the operator L is not locally solvable for any b,

and c when Reb; > 0, although the associated P,(X,Y) is
locally solvable.
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Generalized Laplacians

Consider for real —1 < X\ < 1 the operator

(A2 =1Ly = (1= X)X2+ Y2 HiNXY +YX) +ia[X,Y]
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Generalized Laplacians

Consider for real —1 < X\ < 1 the operator

(A2 =1Ly = (1= X)X2+ Y2 HiNXY +YX) +ia[X,Y]

® L, , is notlocally solvable when o ¢ HT is odd;
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Generalized Laplacians

Consider for real —1 < X\ < 1 the operator

(A2 =1Ly = (1= X)X2+ Y2 HiNXY +YX) +ia[X,Y]

® L, , is notlocally solvable when o ¢ HT is odd;

@ yet, for any constant ¢ # 0, L, ., + ¢ is locally solvable
VA, a.

These results are consistent with a result of E. Stein [S] and
those of Miiller, Peloso, and Ricci for operators [MPR]
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EEIRRENES

@ For a large subclass of our operators L = P(X,Y) the
solvability of the highest order part P,(X,Y ) determine
solvability of L.
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EEIRRENES

@ For a large subclass of our operators L = P(X,Y) the
solvability of the highest order part P,(X,Y ) determine
solvability of L.

@ However, we have examples where L is locally solvable
although P, (X,Y) is not.
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EEIRRENES

@ For a large subclass of our operators L = P(X,Y) the
solvability of the highest order part P,(X,Y ) determine
solvability of L.

@ However, we have examples where L is locally solvable
although P,(X,Y) is not.
@ ....And, vice versa.......

@ If we pass the hypotheses on P,(+id,, u) to conditions on
A*(p) as u — +oo : We produce conditions equivalent to
local solvability. (Elaboration here will make the talk too

long.)
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@ Author is indebted to F.M. Christ for his direction of the
author’s Dissertation (comprising the work in [W1]) and in

his work [C], upon which present asymptotic methods are
based.
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@ Author is indebted to F.M. Christ for his direction of the
author’s Dissertation (comprising the work in [W1]) and in

his work [C], upon which present asymptotic methods are
based.

@ Author is indebted to D. Miiller for his encouragement and

discussions on local solvability and that farewell beer in
Kiel.
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@ Author is indebted to F.M. Christ for his direction of the
author’s Dissertation (comprising the work in [W1]) and in
his work [C], upon which present asymptotic methods are
based.

@ Author is indebted to D. Miiller for his encouragement and
discussions on local solvability and that farewell beer in
Kiel.

@ THANKS FOR YOUR TIME.
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